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So far we have only considered free vibration; the structure has 

been set vibrating by an initial displacement for example. We will 

now consider the case when a time varying load is applied to the 

system. We will confine ourselves to the case of harmonic or 

sinusoidal loading though there are obviously infinitely many forms 

that a time-varying load may take – refer to Fig. 2.9.  
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Fig. 2.9. SDOF undamped system subjected to 

harmonic excitation 
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Response of an SDOF System Subject 
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To begin, we note that the forcing function F(t) has excitation 

amplitude of F0 and an excitation circular frequency of Ω and so 

from the fundamental equation of motion (2.3) we have:  

 

       (2.47) 
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The complementary solution to equation (2.47) is simply that of the 

damped free vibration case studied previously. The particular 

solution to equation (2.47) is shown to be:  

 

       (2.48) 

 

In which  

 
       (2.49) 

 

 
       (2.50) 
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where the phase angle is limited to 0 < θ < π and the ratio of the 

applied load frequency to the natural undamped frequency is:  

 
       (2.51) 

 
the maximum response of the system will come at sin(Ωt − θ) = 1 

and dividing (2.48) by the static deflection F0/k we can get the 

dynamic amplification factor (DAF) of the system as:  

 
       (2.52) 
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At resonance, when Ω = ω, we then have: 

 
       (2.53) 
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Fig. 2.10 shows the effect of the frequency ratio β on the DAF. 

Resonance is the phenomenon that occurs when the forcing 

frequency coincides with that of the natural frequency, β = 1. It can 

also be seen that for low values of damping, normal in structures, 

very high DAFs occur; for example if ξ = 0.02 then the dynamic 

amplification factor will be 25. For the case of no damping, the DAF 

goes to infinity - theoretically at least; equation (2.53).  
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Fig. 2.10. Variation of DAF with damping and frequency ratios 



The phase angle also helps us understand what is occurring. 

Plotting equation (2.50) against β for a range of damping ratios 

shows in Fig. 2.11.  

Response of an SDOF System Subject 
to Harmonic Force (Cont’d) 



Response of an SDOF System Subject 
to Harmonic Force (Cont’d) 

Fig. 2.11. Variation of phase angle with damping and 

frequency ratios 



Looking at Fig. 2.11  then we can see three regions:  

• β << 1: the force is slowly varying and θ is close to 0o. This 

means that the response (i.e. displacement) is in phase with the 

force: for example, when the force acts to the right, the system 

displaces to the right.  

• β >> 1: the force is rapidly varying and θ is close to 180o. This 

means that the force is out of phase with the system: for 

example, when the force acts to the right, the system is 

displacing to the left.  

• β = 1: the forcing frequency is equal to the natural frequency, we 

have resonance and θ = 90o. Thus the displacement attains its 

peak as the force is zero.  
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We can see these phenomena by plotting the response and forcing 

function together (though with normalized displacements for ease of 

interpretation), for different values of β as shown in Fig.2.12. In this 

example we have used ξ = 0.2. Also, the three phase angles are θ/π 

= 0.04, 0.25, 0.46 respectively.  
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Fig. 2.12. Steady-state responses to illustrate phase angle 



• Note how the force and response are firstly “in sync” (θ ~ 0o), 

then “halfway out of sync” (θ = 90o) at resonance; and finally, 

“fully out of sync” (θ ~ 180o) at high frequency ratio.  

 

• It may be seen from equation (2.50) that when β = 1, θ = π/2; 

this phase relationship allows the accurate measurements of the 

natural frequencies of structures. That is, we change the input 

frequency Ω in small increments until we can identify a peak 

response: the value of Ω at the peak response is then the natural 

frequency of the system.  
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Thanks for Your Attention  

and 

Success for Your Study! 


