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Fundamental Equation of Motion  

Considering Fig. 2.1, the forces resisting the applied loading are 

considered as:  

• a force proportional to displacement (the usual static stiffness);  

• a force proportional to velocity (the damping force);  

• a force proportional to acceleration (D’Alambert’s inertial force).  

Fig. 2.1. (a) SDOF system. (b) Free-body diagram of forces  



Fundamental Equation of Motion  
(Cont’d) 

We can write the following symbolic equation: 

 

       (2.1)  

 

Noting that:  

 

 

 

       (2.2) 

 

 

that is, stiffness × displacement, damping coefficient × velocity 

and mass × acceleration respectively.  



Fundamental Equation of Motion  
(Cont’d) 

Note also that u represents displacement from the equilibrium 

position and that the dots over u represent the first and second 

derivatives with respect to time. Thus, noting that the displacement, 

velocity and acceleration are all functions of time, we have the 

Fundamental Equation of Motion:  

 

       (2.3) 

 

In the case of free vibration, there is no forcing function and so F (t) 

= 0 which gives equation (5.3) as:  

 

       (2.4) 



Fundamental Equation of Motion  
(Cont’d) 

We note also that the system will have a state of initial conditions:  

 

       (2.5) 

 

       (2.6) 

 

In equation (2.4), dividing across by m gives:  

 

 

       (2.7) 

 

 



Fundamental Equation of Motion  
(Cont’d) 

We introduce the following notation:  

 

 

       (2.8) 

 

 

 

       (2.9) 

 

 

Or equally,  

 

 

       (2.10) 



Fundamental Equation of Motion  
(Cont’d) 

In which  

• ω is called the undamped circular natural frequency and its units 

are radians per second (rad/s);  

• ξ is the damping ratio which is the ratio of the damping 

coefficient, c, to the critical value of the damping coefficient ccr.  

 

We will see what these terms physically mean. Also, we will later 

see in equation (2.18) that:  

 

 

       (2.11) 



Fundamental Equation of Motion  
(Cont’d) 

Equations (2.8) and (2.11) show us that:  

 

       (2.12) 

 

 

When equations (2.9) and (2.12) are introduced into equation (2.7), 

we get the prototype SDOF equation of motion:  

 

       (2.13) 



Fundamental Equation of Motion  
(Cont’d) 

In considering free vibration only, the general solution to (2.13) is of 

a form  

 

       (2.14) 

 

When we substitute (2.14) and its derivates into (2.13) we get:  

 

       (2.15) 

 

For this to be valid for all values of t, Ceλt cannot be zero. Thus we 

get the characteristic equation:  

 

       (2.16) 

 



Fundamental Equation of Motion  
(Cont’d) 

the solutions to this equation are the two roots:  

 

 

 

       (2.17) 

 

 

 



Fundamental Equation of Motion  
(Cont’d) 

Therefore the solution depends on the magnitude of ξ relative to 1. 

We have:  

• ξ < 1: Sub-critical damping or under-damped;  

Oscillatory response only occurs when this is the case – as it is 

for almost all structures.  

• ξ = 1: Critical damping;  

No oscillatory response occurs.  

• ξ > 1: Super-critical damping or over-damped;  

No oscillatory response occurs.  



Fundamental Equation of Motion  
(Cont’d) 

Therefore, when ξ = 1, the coefficient of in equation (2.13) is, by 

definition, the critical damping coefficient. Thus, from equation 

(2.12):  

 

       (2.18) 

 

 

From which we get equation (2.11).  



Structural Damping 

If you have ever cantilevered a ruler off the edge of a desk and 

flicked it you would have seen it vibrate for a time but certainly not 

indefinitely; buildings do not vibrate indefinitely after an earthquake; 

Fig. 2.2 shows the vibrations dying down quite soon after the 

pedestrian has left the main span of existing bridge - clearly there is 

another action opposing or “damping” the vibration of structures.  



Structural Damping (Cont’d) 

Fig. 2.2. Mid-span deflection (mm) as a function of 

distance travelled (m)  



Structural Damping (Cont’d) 

Fig. 2.3 shows the undamped response of our model along with the 

damped response; it can be seen that the oscillations die out quite 

rapidly – this depends on the level of damping. Damping occurs in 

structures due to energy loss mechanisms that exist in the system. 

Examples are friction losses at any connection to or in the system 

and internal energy losses of the materials due to thermo-elasticity, 

hysteresis and inter-granular bonds. The exact nature of damping is 

difficult to define; fortunately theoretical damping has been shown to 

match real structures quite well.  



Structural Damping (Cont’d) 

Fig. 2.3. Damped and Undamped Response 



Free Vibration of Undamped Structures  

 
We will examine the case when there is no damping on the SDOF 

system of Fig. 2.1 so ξ = 0 in equations (2.13), (2.16) and (2.17) 

which then become:  

 

       (2.19) 

 

respectively, where              . The general solution to this equation 

is:  
 

       (2.20) 

 

where A and B are constants to be obtained from the initial 

conditions of the system, equations (2.5) and (2.6). Thus, at t = 0, 

from equation (2.20):  



Free Vibration of Undamped Structures  
(Cont’d) 

 

       (2.21) 

 

 

From equation (2.20):  

 

       (2.22) 

 

And so:  

 

        

 

       (2.23) 



Free Vibration of Undamped Structures  
(Cont’d) 

Thus equation (2.20), after the introduction of equations (2.21) and 

(2.23), becomes:  
 

 

       (2.24) 

 
 

where      and      are the initial displacement and velocity of the 

system respectively. Noting that cosine and sine are functions that 

repeat with period       , we see that                                 (Fig. 2.5) 

and so the undamped natural period of the SDOF system is:  

 

       (2.25) 



Free Vibration of Undamped Structures  
(Cont’d) 



Free Vibration of Undamped Structures  
(Cont’d) 



Free Vibration of Undamped Structures  
(Cont’d) 



Free Vibration of Undamped Structures  
(Cont’d) 

where ρ is the amplitude of displacement and θ is the phase angle, 

both given by:  

 

 

       (2.29) 

 

 

 

       (2.30) 



Free Vibration of Undamped Structures  
(Cont’d) 

The phase angle determines the amount by which u(t) lags behind 

the function cos ωt. Fig. 2.5 shows the general case.  

Fig. 2.5. Undamped free-vibration response 
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